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ELECTRON GAS I N  A MAGNETIC FIELD 

Y e .  M. L i f s h i t s  

The k i n e t i c  e q u a t i o n  is  d e r i v e d  f o r  a g a s  con- 
s i s t i n g  of charged p a r t i c l e s  i n  a magnet ic  f i e l d .  
T h i s  equa t ion  i s  used t o  de te rmine  t h e  r e l a x a t i o n  time 
f o r  e s t a b l i s h i n g  M a x w e l l  d i s t r i b u t i o n  i n  t h i s  g a s  as 
w e l l  as i t s  thermoconduct iv i ty .  A bundle  of charged 
p a r t i c l e s  -- p l a n e  and c y l i n d r i c a l  -- i s  i n v e s t i g a t e d .  
The dependence of t h e  bundle  wid th  on t i m e  i s  determined 
by means of t h i s  equa t ion .  

/39@ 

This  a r t i c l e  i n v e s t i g a t e s  c e r t a i n  s t a t i c  p r o p e r t i e s  of a g a s  c o n s i s t i n g  
of charged p a r t i c l e s  i n  a magnet ic  f i e l d .  For t h i s  purpose ,  t h e  k i n e t i c  equa- 
t i o n  is  de r ived  which de termines  t h e  d i s t r i b u t i o n  f u n c t i o n  of t h e  p a r t i c l e s  i n  
t h i s  g a s .  This  e q u a t i o n  may b e  employed t o  de t e rmine  t h e  r e l a x a t i o n  t i m e  f o r  
e s t a b l i s h i n g  s t a t i c  e q u i l i b r i u m  w i t h  r e s p e c t  t o  t h e  p a r t i c l e  v e l o c i t y ,  i . e . ,  
t h e  time r e q u i r e d  t o  e s t a b l i s h  Maxwell e q u i l i b r i u m  [ formulas  (18) and ( 1 9 ) ] .  
The thermoconduct iv i ty  of t h i s  gas  i s  a l s o  determined [ formula  (2811.  A 
bundle  of charged p a r t i c l e s  d i r e c t e d  along t h e  magnet ic  f i e l d  i s  s t u d i e d .  T h i s  
bundle  w i l l  be  expanded under  t h e  i n f l u e n c e  of Coulomb i n t e r a c t i o n  between t h e  
p a r t i c l e s .  The dependence of t h e  bundle  wid th  on t i m e  i s  determined [ formulas  
( 3 1 )  and ( 3 2 ) ] .  

I. -. Kinet-Lc Equat ion  

A s tudy  performed by Landau ' l 'der ived t h e  g e n e r a l  k i n e t i c  equa t ion  f o r  a 
g a s ,  whose p a r t i c l e s  i n t e r a c t  w i t h  each o t h e r  accord ing  t o  t h e  Coulomb l a w .  
L e t  each p a r t i c l e  be  d e s c r i b e d  by t h e  q u a n t i t i e s  p i = 1,2 ( t h e  components of 

t h e  p a r t i c l e  

d i s t r i b u t i o n  f u n c t i o n  of  t h e  p a r t i c l e s  w i t h  r e s p e c t  t o  t h e  v a l u e s  of p When 

two p a r t i c l e s  c o l l i d e ,  t h e  q u a n t i t i e s  p i 
r e s p e c t i v e l y ,  i n t o  p 

p a r t i c l e s ,  on ly  t h o s e  c o l l i s i o n s  between p a r t i c l e s  are  impor tan t  f o r  t h e  k i n e t i c  
e q u a t i o n  i n  which p 

( s e e  I ) .  

i' 
impulse were d e s c r i b e d  by t h e s e  q u a n t i t i e s  i n  1). n(pi) i s  t h e  

i' 
and p i  which de termine  them change, 

During t h e  Coulomb i n t e r a c t i o n  of + Api and p '  + Api. i i 

and p '  change ve ry  l i t t l e  -- i . e . ,  Api < < p . ,  Ap; < < p i  i i 1 

L e t  dW by t h e  p r o b a b i l i t y  ( p e r  u n i t  of t ime)  f o r  t h e  c o l l i s i o n  of a p a r t i c l e  

+ Api and p! + Ap;. 

w i t h  t h e v a l u e s  p 

i n t o  p 

c o l l i s i o n s  ( p e r  one second) .  

w i t h  a p a r t i c l e  having v a l u e s p i d u r i n g  which p and p '  change i i i 
The product  dWn(pi)n(p;) i s  t h e  number of such  

i 1 

A '  dW may be  w r i t t e n  i n  t h e  form dW = WdT'dT 

* 
Numbers i n  the margin  i n d i c a t e  p a g i n a t i o n  i n  t h e  o r i g i n a l  f o r e i g n  text .  

L .  Landau, Sow. Phys. 10, 154,  1936. T h i s  i s  des igna ted  as I below. 
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where w i s ,  g e n e r a l l y  speaking ,  t h e  f u n c t i o n  of p i' Pi' ' APi' AP;, and 

d-c' = dplrdp 2 ' . . . d r  i s  t h e  product  of t h e  d i f f e r e n t i a l s  of t h e  parameters  a 
de te rmining  t h e  c o l l i s i o n .  

The k i n e t i c  e q u a t i o n  i s  t h e n  

(summation i s  everywhere i n d i c a t e d  by a s i g n  which i s  repea ted  t w i c e ) ,  
where j i s  t h e  f l u x  components i n  p - space ,  which e q u a l  t h e  fo l lowing  

accord ing  t o  I 

/391 
i i 

[we may w r i t e  n r  = n ( p i ) ] .  

L e t  u s  now t u r n  t o  a gas  c o n s i s t i n g  of charged p a r t i c l e s ,  i n  which we  
are i n t e r e s t e d  (wi th  t h e  charges  e and t h e  masses m) i n  a uniform magnet ic  
f i e l d  H.  W e  s h a l l  se lec t  t h e  d i r e c t i o n  of t h e  f i e l d  H as t h e  z a x i s .  I f  w e  
a b s t r a c t  from c o l l i s i o n s  between p a r t i c l e s ,  t h e  motion of each of t h e  p a r t i c l e s  
i n  t h i s  f i e l d  may b e  determined by t h e  e q u a t i o n s  of motion 

where 

.. .. .. 
x - w j J = o ,  y.+m:;=o, z=o,  

eH a== -- 
1nc 

(3)  

(4)  

(C  - speed of l i g h t ) .  The s o l u t i o n  of t h e s e  e q u a t i o n s  i s  

x = x + rcos (ut+ a), y = Y -  rsin (cut + a); z = ~, t+const .  (5) 

c1 i s  t h e  i n i t i a l  phase  which depends on t h e  s e l e c t i o n  of t h e  o r i g i n  of t i m e ,  
and X ,  Y ,  v Z ,  r are  c o n s t a n t s .  

w i t h  t h e  r a d i u s  r and wi th  t h e  a x i s  p a r a l l e l  t o  t h e  z a x i s .  The q u a n t i t i e s  
X ,  Y are t h e  c o o r d i n a t e s  of t h e  s p i r a l  l i n e  a x i s .  The p a r t i c l e  v e l o c i t y  a long 
t h e  d i r e c t i o n  of t h e  f i e l d  i s  v z .  

pe rpend icu la r  t o  t h e  f i e l d ,  which w e  may d e s i g n a t e  by v ,  equa l s  

Thus,  each p a r t i c l e  moves along a s p i r a l  l i n e  

The p a r t i c l e  v e l o c i t y  i n  a d i r e c t i o n  

v = rw .  

2 2 The t o t a l  p a r t i c l e  v e l o c i t y  i f  d v  

We may se lec t  t h e  terms X ,  Y ,  v v as q u a n t i t i e s  d e s c r i b i n g  a p a r t i c l e .  

+ v z  . 
Z '  

The d i s t r i b u t i o n  f u n c t i o n  i s  n(X, Y ,  v 
Z '  

v ) .  W e  must set  p1 = v ,  P2 = v 
Z '  

P3 = x,  P 4  - - Y i n  ( 2 ) .  

w r i t t e n  i n  a somewhat d i f f e r e n t  manner. When (1) and ( 2 )  were de r ived ,  i t  
w a s  assumed t h a t  a volume element of p . -space 

elements  V ,  V 2 ,  X ,  of Y-space equa l s  d-c = v d  v d  v z  dX dY, s i n c e  v and vz 

However, t h e  k i n e t i c  e q u a t i o n  i t s e l f  (1) must now be  

e q u a l s  d.r = dpl dp 2... The 
.1 
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are t h e  c y l i n d r i c a l  c o o r d i n a t e s  f o r  v e l o c i t y .  

T h e r e f o r e ,  i n  o r d e r  t o  d i r e c t l y  t r a n s p o s e  (1) and (2) t o  ou r  case, w e  
would have t o  select  t h e  v a r i a b l e s  X ,  Y, v 

Taking t h e  f a c t  i n t o  account  t h a t  

17212 f o r  which d-r = dXdYdvzdv2/2. 
2’ 

V2 a i a  A.-=vAv, - ---- 
‘212 - u du’ a -- 2 
2 

w e  may r e a d i l y  see t h a t  equa t ion  (1) may be  expressed  as f o l l o w s  i n  t h e  c a s e  
of t h e  v a r i a b l e s  X ,  Y ,  v ,  v z :  

where t h e  f l u x  components are determined by equa t ions  (2 ) ,  j u s t  as p r e v i o u s l y .  

W e  must now de termine  t h e  changes Av, Av AX, AY and Av’, ... of the1392 
z y  

q u a n t i t i e s  v ,  v X ,  Y and V I ,  ... when two par t ic les  c o l l i d e .  The e q u a t i o n s  

of motion f o r  a p a r t i c l e ,  w i t h  a l lowance  f o r  i t s  i n t e r a c t i o n  w i t h  a n o t h e r  
p a r t i c l e ,  are 

Z ’  

.. 1 d U  .. 1 dU .. 1 d lJ  
x - w y = - - - ,  y+&=- - .  ~ z=-z-- 

(8) nt az- ’ rn dx I l l  dy ’ 

where U i s  t h e  p o t e n t i a l  energy  of i n t e r a c t i o n .  L e t  us s o l v e  them by s u c c e s s i v e  
approximat ions .  I n  t h e  ze ro  approximat ion ,  w e  have equa t ion  ( 3 )  w i t h  s o l u t i o n  
(5) .  I n  t h e  f i r s t  approximat ion ,  w e  must s u b s t i t u t e  t h e  unper turbed  s o l u t i o n  
i n  t h e  r i g h t  hand s i d e  of e q u a t i o n  (8) -- i . e . ,  (5) -- and a s i m i l a r  s o l u t i o n  
f o r  t h e  second p a r t i c l e .  

W e  have t h e  fo l lowing  from t h e  t h i r d  equa t ion  of (8) 

The t o t a l  change i n  v du r ing  a c o l l i s i o n  i s  
-I-m z 

-00 

The s o l u t i o n  of t h e  f i r s t  two e q u a t i o n s  may be  w r i t t e n  i n  t h e  form ( 5 ) ,  
where X ,  Y and v are t h e  v a r i a b l e s ,  however. I n  o r d e r  t o  f i n d  AX and AY, l e t  
us  r e w r i t e  (5) i n  t h e  fo l lowing  form 

Y x = x- -- 
o ’  

X y = Y + , .  

D i f f e r e n t i a t i n g  once w i t h  r e s p e c t  to t i m e  w e  have 

. .. 
ox=y .. .+- ox, CUPS oy- x 

3 
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and s u b s t i t u t i n g  

Thus t h e  changes 

F i n a l l y ,  i n  

(8), w e  o b t a i n  

are : 

o r d e r  t o  f i n d  Av w e  have 

from which w e  have 
a; = i i  +jy,  

o r ,  s u b s t i t u t i n g  ? and Ij from ( l o ) ,  w e  have 
&= X;t+Yj;  

I n  t h e  d e s i r e d  f i r s t  approximation f o r  c ,  w e  must s u b s t i t u t e  v = r u ,  I 3 9 3  
and 2 and from t h e  ze ro  approximation (5) , i. e. ,  

x = -  rod cos (ut +- a), j = roo2 sin (ut + a). 

U t i l i z i n g  t h e  r e s u l t s  ob ta ined  as w e l l ,  

. dU 
dY dx 

, may=---, 
au mwX= - - 

w e  o b t a i n  

. 1 dU 1 dU 
a=-- -sin(wt+aj+ -- -cos(ut+a), m dx m dY 

from which w e  have 
+a 

Av=;J 1 ( - ; i T ; S m ( w t - ~ c t ) - + - c o s ( o t + a )  dU . au 
aY 

- w  

i s  
The p o t e n t i a l  energy of t h e  Coulomb i n t e r a c t i o n  of bo th  c o l l i d i n g  p a r t i c l e s  

e2 'U= 
[(% - x')a + (y  -y'p + (2 - t.)a]'l* ' 

o r  

We have t h u s  s u b s t i t u t e d  t h e  unper turbed  t r a j e c t o r y  of motion (5) and t h e  
corresponding motion f o r  a n o t h e r  p a r t i c l e .  The o r i g i n  of t i m e  is  t aken  as t h e  
moment when t h e  p a r t i c l e s  p a s s  by each o t h e r ;  a- and a'- are t h e  phases  a t  t h e  

4 



time of c o l l i s i o n .  

S u b s t i t u t i n g  (13) i n  ( 9 ) ,  (11) and (12), making t h e  s u b s t i t u t i o n  u t  = u ,  
w e  o b t a i n  

+ 03 [( Y -  Y') o) --Y sin (u + a ) + d s i n  (u + a')] du/( [ (X-  X') w + J +vcos(U+tij - Q' cos (u+a ' ) l~+[ (y -  y')w -vsin (u +a>+ AX= 
- m  + V' sin (u + a : l ] a  + (v, - v:)2 u2 1''' 

+m [(x- X')w -/- v COS (u + a) - 0' cos (U + a')} du 
' (14) A y e ' s  - -.__ ___._ m , I ... )" 

--oo 

The q u a n t i t i e s  A X ' ,  A Y ' ,  Av' Av' are ob ta ined  d i r e c t l y  by r e p l a c i n g  I 3 9 4  
z y  

t h e  primed q u a n t i t i e s  by t h e  non-primed q u a n t i t i e s ,  and vice versa. W e  
a p p a r e n t l y  have 

(15) AX' = - AX, A Y' = - A Y, AvZ' - Av,. 

The phases  a and a' are t h e  parameters  de te rmining  t h e  c o l l i s i o n .  In-  
t e g r a t i o n  i n  ( 2 )  must b e  performed ove r  them, where w e  must w r i t e  

dr, = da da'. 

I n  view of t h e  c o n s e r v a t i o n  of energy du r ing  c o l l i s i o n s ,  w e  have 

VAV + v'Av' + V;AV; + V ~ A E , ~  = 0. 

Keeping t h i s  i n  mind, w e  may r e a d i l y  see t h a t  t h e  Maxwell d i s t r i b u t i o n  
s a t i s f i e s  equa t ion  (l), namely: each of t h e  f l u x  components j v a n i s h e s  ( 2 ) .  i 

I n  one second,  a p a r t i c l e  v ,  v X ,  Y a p p a r e n t l y  undergoes Iv - v ' l n ' d ~ '  z'  z z 
d-cA c o l l i s i o n s  w i t h  t h e  p a r t i c l e s  v ' ,  v '  

change i n  t h e i r  c o o r d i n a t e s  and v e l o c i t i e s  f o r  s p e c i f i c  Av 

w e  have 

X ' ,  Y ' ,  which are accompanied by a 
z'  

Consequent ly  , 
z'  ... 

(16)  w = Ivs - u,' I .  

I n  connec t ion  w i t h  e q u a t i o n s  (1) and ( 2 ) ,  w e  must make t h e  fo l lowing  
s t a t emen t .  
t h e  f a c t  t h a t  t h e  p r o b a b i l i t y  of c o l l i s i o n  w i t h  t h e  t r a n s i t i o n  pi -t pi + Api, 

pf -f pf + Api e q u a l s  t h e  p r o b a b i l i t y  of t h e  i n v e r s e  t r a n s i t i o n  pi + Api -t pi,  

p i  + Apf -t p i .  

When t h e s e  e q u a t i o n s  w e r e  de r ived  i n  I ,  t h e  a u t h o r s  made u s e  of 

However, t h i s  changes somewhat i n  a magnet ic  f i e l d ,  due t o  t h e  

5 



f a c t  t h a t  when t h e  s i g n  of t ime changes,  t h e  s i g n  f o r  t h e  magnet ic  f i e l d  must 
change. The re fo re ,  t h e  p r o b a b i l i t y  of the d i r e c t  p rocess  e q u a l s  t h e  p r o b a b i l i t y  
of t h e  i n v e r s e  p r o c e s s  i n  t h e  o p p o s i t e  f i e l d  d i r e c t i o n .  Due t o  t h i s  f a c t ,  
when equa t ions  are d e r i v e d  f o r  j g e n e r a l l y  speak ing ,  terms of t h e  f i r s t  

o r d e r  i n  Api do n o t  v a n i s h  ( s e e  I) .  However, i t  may b e  s h o w  t h a t  t h e s e  

terms a l l  v a n i s h  i n  t h e  cases cons ide red  below. 

i' 

2. Re laxa t ion  Time 

L e t  u s  examine a g a s  composed of charged p a r t i c l e s  i n  a magnet ic  f i e l d .  
We s h a l l  assume t h a t  t h e  l i n e a r  dimensions of t h e  g a s  D are l a r g e  as compared 
wi th  t h e  mean r a d i u s  of t h e  s p i r a l  l i n e  of t h e  p a r t i c l e  thermal  motion,  i . e . ,  

( k  - Boltzmann c o n s t a n t ,  T - t empera tu re ) .  

d e s i g n a t e  t h e  mean the rma l  v e l o c i t y  of a p a r t i c l e :  v 

We s h a l l  employ t h e  term vo t o  - 
Q d k T I m .  

0 

L e t  us  de te rmine  t h e  r e l a x a t i o n  t i m e ,  i . e . ,  t h e  t i m e  r e q u i r e d  t o  e s t a b l i s h  
Maxwell d i s t r i b u t i o n  of t h e  g a s  under  c o n s i d e r a t i o n  ( d i s t r i b u t i o n  of p a r t i c l e s  
over  t h e  c o o r d i n a t e s ,  i . e . ,  g a s  d e n s i t y ,  i s  t h u s  uni form) .  The d e s i r e d  t i m e  
may be  determined by t h o s e  t e r m s  of t h e  k i n e t i c  equa t ion  which c o n t a i n  j and 

V 

The r e l a x a t i o n  t i m e s  f o r  e s t a b l i s h i n g  e q u i l i b r i u m  w i t h  r e s p e c t  t o  t h e  
v e l o c i t i e s  v and v -- i . e . ,  p e r p e n d i c u l a r l y  and p a r a l l e l  t o  t h e  f i e l d  -- are 

d i f f e r e n t .  
Z 

L e t  us  de te rmine  t h e  r e l a x a t i o n  t i m e  f o r  e q u i l i b r i u m  w i t h  r e s p e c t  t o  t h e  
v e l o c i t y  v. For t h i s  purpose ,  w e  must de te rmine  t h e  o r d e r  of magnitude of 
t h e  term 1 2 v j  i n  ( 7 ) .  There are  t h r e e  terms i n  j w i t h  t h e  p roduc t s  /395 

AvA AvAv (Av) . An examinat ion shows t h a t  t h e  f i r s t  of t h e s e  terms i s  ex- 

p m e n t i a l l y  s m a l l  ( a s  e -Dw/vo),  and t h e  second i s  s m a l l  as compared w i t h  t h e  

V V 

2 v av 

XI z 

t h i r d  l o g a r i t h m i c a l l y  (by a f a c t o r  of Rn mv03 ) .  There fo re ,  on ly  t h e  term 
e2u 

w i t h  ( A v ) ~  i s  impor t an t .  

An i n v e s t i g a t i o n  shows t h a t  i n  t h e  case of d >>v / w  [d  = d ( X  - X')2  + 0 
+ (Y - Y ' ) 2  
s m a l l .  

w e  have 

i s  t h e  d i s t a n c e  between c o l l i d i n g  p a r t i c l e s ]  Av i s  e x p o n e n t i a l l y  
I n  t h e  case of d % vo/o  ( i . e . ,  f o r  d % v/w) ,  as may b e  seen  from ( 1 4 ) ,  

6 
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When t h i s  e x p r e s s i o n  i s  s u b s t i t u t e d  i n  j t h e  i n t e g r a l  w i t h  r e s p e c t  t o  

Ivz - v'I d i v e r g e s  l o g a r i t h m i c a l l y .  This  occur s  due t o  t h e  fact  t h a t  f o r  s m a l l  

Ivz - v '  I Av i s  l a r g e ,  and t h e  formulas  d e r i v e d  l o s e  t h e i r  a p p l i c a b i l i t y .  

may t a k e  the fo l lowing  as the lower i n t e g r a t i o n  l i m i t  w i t h  r e s p e c t  t o  Iv 

V '  

z 

W e  

- vi1 
Z 

z 
e% edw 

in+ k T  ' I v, - v; - - -- 
and v as t h e  upper  i n t e g r a t i o n  l i m i t .  0 

When de termining  j w e  must keep t h e  f a c t  i n  mind t h a t  v % d k T l m  and 
V '  

i n t e g r a t i o n  over  dX' and dY' i s  performed i n  t h e  r e g i o n  v/w. W e  t hen  have 

dV %/* (k T)'l% e ! : H  

e% IU '" ( h  T PC In --- , d j ,  -- 
where v i s  t h e  g a s  d e n s i t y ,  i . e . ,  t h e  number of  p a r t i c l e s  p e r  u n i t  of volume. 
According t o  t h e  k i n e t i c  e q u a t i o n ,  w e  must equa te  a j v  t o  &. 

an % where t i s  t h e  d e s i r e d  r e l a x a t i o n  time. W e  t h u s  f i n d  

The d e r i v a t i v e  
- a t  av 

V a t  t (k ,)I,'? 
(18) 

t,, u -~ 
V 

0 .  

(k T )  '5 : e'v In -___-- 
e3 H 

L e t  u s  now de termine  t h e  r e l a x a t i o n  r e q u i r e d  t o  e s t a b l i s h  e q u i l i b r i u m  
w i t h  r e s p e c t  t o  t h e  v e l o c i t i e s  v a long  t h e  f i e l d .  An examinat ion of t h e  

z 
i n t e g r a l  de te rmining  Av 

t h e  case of d >> 

[ s e e  (14)] shows t h a t  Avz i s  e x p o n e n t i a l l y  s m a l l  i n  
Z 

0 -v / [vz -v ' I  
-Dw /V 

V o  ( a s  e 
) and a l s o  f o r  \ v  -v ' l  (as e 0 2 . 1 .  In d-re z z  

case of dw Q v and Iv - vi1 Q vo , w e  have 0 Z 

S i m i l a r i l y  t o  (18),  w e  f i n d  t h e  fo l lowing  by means of t h i s  expres s ion  

It may be  seen  from a comparison of (18) and (19)  t h a t  equ i l ib r ium w i t h  
t o  t h e  f i e l d  i s  e s t a b l i s h e d  more r e s p e c t  t o  t h e  v e l o c i t i e s  v pe rpend icu la r  

r a p i d l y  than  wi th  r e s p e c t  t o  t h e  v e l o c i t y  v p a r a l l e l  t o  t h e  f i e l d .  
Z 

S u b s t i t u t i n g  numer ica l  v a l u e s ,  w e  have 
Tal¶ 

t ,  = T'/% ' 
vln 10- 

H 

t =-. T% 

V 
u; - 

I 3 9 6  
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In  t h e  case of H 2 1000 gauss ,  T 2 10,000",  v 2 108 cm-3 

tu - 10-3 s a ,  it= - 10 2 s e e .  

It is  d i f f i c u l t  t o  compare t h e s e  q u a n t i t i e s  w i t h  exper imenta l  d a t a ,  s i n c e  
t h e r e  are no a c c u r a t e  d a t a  p e r t a i n i n g  t o  a p u r e l y  e l e c t r o n  (wi thout  i o n s )  g a s  
in a magnet ic  f i e l d .  

3. Thermal Conduc t iv i ty  

W e  s h a l l  assume t h a t  i n  each s m a l l  volume of t h e  g a s  t o  be  s t u d i e d  Maxwell 
d i s t r i b u t i o n  h a s  a l r e a d y  been e s t a b l i s h e d .  However, on ly  t h e  g a s  d e n s i t y  and 
i t s  tempera ture  are d i f f e r e n t  i n  d i f f e r e n t  l o c a t i o n s .  W e  s h a l l  t h u s  assume 
t h a t  t h e  g a s  i s  non-uniform i n  one d i r e c t i o n ,  which w e  s h a l l  select as t h e  x 
axis. The d e n s i t y  and tempera ture  are f u n c t i o n s  of t h e  c o o r d i n a t e  X and t h e  
t i m e  t .  Thus, w e  may w r i t e  n i n  t h e  fo l lowing  form 

where T = T(X, t )  and .v = v(X, t )  ( V  i s  t h e  number of p a r t i c l e s  p e r  1 cm 3 ) .  

In o r d e r  t o  f i n d  t h e  equa t ions  de te rmining  V and T ,  w e  s h a l l  proceed as 
fo l lows .  W e  s h a l l  i n t e g r a t e  (7)  from both  s i d e s  over  vd vd v dY wi th  r e s p e c t  

t o  a l l  p o s s i b l e  v a l u e s .  It i s  t r i v i a l  t o  i n t e g r a t e  ove r  dY, s i n c e  
no th ing  depends on Y ,  and i t  y i e l d s  s imply t h e  g a s  dimensions along t h e  y axis 
which are reduced i n  b o t h  d i r e c t i o n s  ( 7 ) .  The terms 1 avjv and a j  of t h e  

Z 

vZ v -  av 
a v Z  

i n t e g r a t i o n  t h u s  v a n i s h  ( s i n c e  j = j = 0 a t  t h e  l i m i t s ) ,  and w e  f i n d :  
vZ 

V 

o r ,  s u b s t i t u t i n g  (20) i n  t h e  l e f t  hand p a r t ,  w e  o b t a i n  
dv d 
d t  d X ,  

--- - - I;..;.. 
Mul t ip ly ing  (7) from both  s i d e s  by t h e  energy E of t h e  p a r t i c l e  - - 

1 V Y  

- 2s.. d;* "s j l F E  d.cu - SmvJ. ,d; ,  - S m v j , , d b  

[E  = 7 ( v 2  m + v and i n t e g r a t i n g  over  d.r w e  o b t a i n  
Z 

d t  d X  

o r ,  s u b s t i t u t i n g  i n  t h e  l e f t  hand s i d e  of ( 2 0 ) ,  w e  o b t a i n  

---e- 3 d ( v T )  ax Jmvj ,  dr,. 
2 d t  

We may s u b s t i t u t e  t h e  expres s ion  f o r  j from (2) i n  ( 2 1 ) .  A s  may /397 
X 

b e  seen  from ( 2 ) ,  j x  c o n s i s t s  of t h r e e  terms (cor responding  t o  k = 1, 2,  3 ) ,  

8 



c o n t a i n i n g  AXAv, AXAvz , (AX) 2 ,  r e s p e c t i v e l y .  An examinat ion  shows t h a t  t h e  

f i r s t  two are e x p o n e n t i a l l y  s m a l l .  

p l a y  a r o l e  i n  t h e  t h i r d  term, which i s  v e r i f i e d  by t h e  f i n a l  e x p r e s s i o n  f o r  

C o l l i s i o n s  a t  l a r g e  d i s t a n c e s  (d >>v w) 0 

. I n  t h e  case of  d >>v w t h e  f i r s t  one of formulas  ( 1 4 )  y i e l d s  jx 0 

( Y -  Y')odu 2e2 ( Y - Y') ( 2 3 )  A X = -  e2 Jm . - := - - 
m [flu2 + (v, - v ~ ) 2 r r . 2 j a / ~  d 2 ~ n  I ?!* - v,' I 
- w  

W e  o b t a i n  t h e  fo l lowing  from (12) f o r  jx [assuming t h a t  w = Iv - v i \  -- 
z 

see (16) -- and t h a t  AX' = - AX]:  

I n t e g r a t i o n  over  da d a '  y i e l d s  4 1 ~ 2 .  I n  a d d i t i o n ,  l e t  u s  s u b s t i t u t e  (23)  
and l e t  u s  i n t e g r a t e  ove r  dY'. S ince  t h e  gas  dimensions are l a r g e ,  and t h e  in -  
t e g r a l  w i t h  r e s p e c t  t o  dY' converges ,  l e t  u s  i n t e g r a t e  from -00 t o  +ao. We obta in :  

The i n t e g r a l  w i t h  r e s p e c t  t o  dv '  d i v e r g e s  l o g a r i t h m i c a l l y  f o r  s m a l l  
Z 

/ v z  - vL1. 
s m a l l  Ivz - v '  1 AX i s  l a r g e ,  and t h e  formulas  de r ived  a r e  n o t  a p p l i c a b l e .  

The re fo re ,  t h e  lower i n t e g r a t i o n  l i m i t  w i th  r e s p e c t  t o  Iv - v ' )  may b e  s e l e c t e d  

a t  t h e  p o i n t  where AX 2 X ,  i . e . ,  where 

Th i s  i s  r e l a t e d  t o  t h e  f a c t ,  which w a s  a l r e a d y  mentioned,  t h a t  f o r  

z 

Z z 

When s u b s t i t u t i n g  t h e  expres s ion  ( 2 0 )  f o r  n i n  ( 2 4 ) ,  w e  encounter  t h e  fo l lowing  

e- -&p' 
i n t e g r a l ,  f o r  example milia 

dv2' . I % - ~ z ' I  

Z Z '  

Î  
[T' = T(X ' ) ] .  The i n t e g r a n d  i s  l a r g e  f o r  v which i s  c l o s e  t o  v '  and r a p i d l y  

dec reases  a f t e r  v' . There fo re ,  w e  have Z 

mwDa 

F i n a l l y ,  s u b s t i t u t i n g  t h e  expres s ion  ( 2 0 )  f o r  n i n  ( 2 4 )  and s u b s t i t u t i n g  
i n  ( 2 1 ) ,  a f t e r  t h e  computat ion w e  o b t a i n  

j X  
dX' 

X (XL- x' I R T - q k $  
dv 2WJie4 (mkT)'/soD2 d 
dt "Is 0 2  e2 

--e -- - In . . 
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The same procedure  may be fo l lowed f o r  equa t ion  (22) .  It i s  t h u s  found 
t h a t  t h e  t h i r d  term t o  t h e  r i g h t  is l o g a r i t h m i c a l l y  s m a l l  as compared w i t h  t h e  
f i r s t  (by a f a c t o r  of I n  wD/vo), and t h e  second i s  smaller by a f a c t o r  / 3 9 8  

of In  (mkT)2 oD2/e2. 
e x p r e s s i o n s  which we  ob ta ined  f o r  v / a t ,  a f t e r  t h e  c a l c u l a t i o n  w e  o b t a i n  

I 
W e  s h a l l  d i s r e g a r d  bo th  of t h e s e  terms. U t i l i z i n g  t h e  

aT - v-- = at 

L e t  u s  expand t h e  i n t e g r a n d  wi th  r e s p e c t  t o  (X - XI). I n  t h e  f i r s t  
approximat ion ,  t h i s  may be reduced t o  t h e  f a c t  t h a t  w e  assume T = T I ,  = 

ax' 
v = v '  , etc .  The f i r s t  term (wi th  t h e  d e r i v a t i v e s  of d e n s i t y )  i n  t h i s  

approximation v a n i s h e s ,  i . e . ,  i t  i s  less than  t h e  second (with t h e  d e r i v a t i v e s  
of t empera tu re ) .  I n  a d d i t i o n ,  t h e  fo l lowing  i n t e g r a l  remains 

a T  - -  - ax 

d ( X -  X') Do 
( X  - X ' )  vo 

- =E 2 In . 
vdw 

As a r e s u l t ,  w e  o b t a i n  

Th i s  i s  t h e  customary equa t ion  of thermal  c o n d u c t i v i t y  

3 
v 2  

where i) i s  t h e  thermal  c o n d u c t i v i t y  c o e f f i c i e n t ,  and c = - v k  i s  t h e  h e a t  

c a p a c i t y  ( f o r  a c o n s t a n t  volume). W e  have t h e  fo l lowing  expres s ion  f o r  t h e  
thermal  c o n d u c t i v i t y  c o e f f i c i e n t  

eH 
mc 

(we have s u b s t i t u t e d  w = - ) .  Numerically,  we  have 

-17 V2 50 __In  HD 3 . 104~p7-i/?0----:  erg - . ii= 10 - - *1/T T'fi CCAI. sec . 
-3 H i s  g iven  i n  gauss ,  T - i n  deg rees ,  D - i n  cm, and v i s  g iven  i n  cm . 

L e t  u s  compare t h e  q u a n t i t i e s  - &. and - aT W e  saw t h a t  i n  equa t ion  v a t  T a t  
t i m e s  aT DU (26) f o r  t h e  term w i t h  t h e  d e r i v a t i v e s  of t empera tu re  w a s  - 

g r e a t e r  t han  t h e  terms w i t h  t h e  d e r i v a t i v e s  of d e n s i t y ,  which w e r e  t h e r e f o r e  
d i s r e g a r d e d .  I n  equa t ion  (25) f o r  3 , a l l  t h e  terms vanished  i n  t h e  c a s e  of 

10 
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I 3 9 9  1 av is E n  - 1 3  Dw times smaller t h a n  - 
T a t  v = v ' ,  T = T ' ,  e t c .  Thus, y a t  

vO 
Consequently,  we  arrive a t  t h e  r e s u l t  t h a t  t h e  tempera ture  i s  equa l i zed  i n  a 
g a s  more r a p i d l y  t h a n  t h e  d e c s i t y .  

4 .  Bundle of Charged Par t ic les  

L e t  u s  now i n v e s t i g a t e  a bundle  of charged p a r t i c l e s  which i s  d i r e c t e d  
a long  a magnet ic  f i e l d  ( t h i s  d i r e c t i o n  i s  a g a i n  s e l e c t e d  as t h e  z a x i s ) .  I n  
each c r o s s  s e c t i o n ,  t h e  bundle  d e n s i t y  depends on t h e  X and Y c o o r d i n a t e s .  
W e  s h a l l  employ D t o  d e s i g n a t e  t h e  o r d e r  of magnitude of t h e  bundle  t h i c k n e s s .  
It i s  assumed t h a t  t h e  i n e q u a l i t y  (17)  i s  s a t i s f i e d  f o r  D ,  j u s t  as p r e v i o u s l y .  

The bundle is  non-uniform a long  t h e  z a x i s .  However, i n s t e a d  of examining 
a bundle which i s  non-uniform over  a l l  t h r e e  d i r e c t i o n s ,  w e  may examine a 
c e r t a i n  s e c t i o n  of t h e  bundle  (a long i t s  l e n g t h )  i n  a c o o r d i n a t e  system which 
moves a long  w i t h  i t  -- i . e . ,  w i t h  a v e l o c i t y  e q u a l l i n g  t h e  bundle  v e l o c i t y .  
I n  t h i s  system, t h e  p a r t i c l e s  have only thermal  motion. W e  t h e n  have a g a s  
which i s  uniform a long  t h e  z a x i s ,  and i s  n o t  uniform a long  t h e  x and y axes ,  
whose d e n s i t y  depends on t i m e ,  however. W e  s h a l l  proceed as f o l l o w s .  

A t  t h e  end of s e c t i o n  t h r e e ,  we found t h a t  t h e  tempera ture  i s  equa l i zed  
more r a p i d l y  than  t h e  d e n s i t y .  The re fo re ,  w e  s h a l l  assume t h a t  t h e  bundle  
t empera tu re  has  a l r e a d y  been e q u a l i z e d ,  i . e . ,  T = c o n s t .  L e t  u s  w r i t e  t h e  
equa t ion  f o r  . It w i l l  now d i f f e r  somewhat from ( 2 5 ) ,  due t o  t h e  f a c t  t h a t  

t h e  bundle  i s  n o t  uniform a long  both  t h e  x and y axes .  I n  t h i s  connec t ion ,  
a t  

t h e  term 2 a j  a l s o  remains i n  t h e  k i n e t i c  equa t ion  ( 7 ) ,  and terms w i t h  d e r i v -  
ay 

a t i v e s  w i t h  r e s p e c t  t o  Y rercain i n  t h e  f l u x e s  j and j . The expres s ion  f o r  

AY d i f f e r s  from AX (23 )  only i n  t h e  f a c t  t h a t  ( X  - X ' )  a p p e a r ,  i n s t e a d  of 
(Y - Y') [ s e e  ( 1 4 ) ] .  A s  a r e s u l t ,  w e  o b t a i n  t h e  fo l lowing  equa t ion  

X Y 

dv 

The second term i n  t h e  p a r e n t h e s e s  d i f f e r s  from t h e  f i r s t  term by t h e  t r a n s -  
p o s i t i o n  of X and Y .  I t  i s  n a t u r a l l y  imposs ib le  t o  i n t e g r a t e  over  dY' h e r e ,  
s i n c e  v i s  a f u n c t i o n  of Y .  

I n  t h e  s o l u t i o n  of t h i s  e q u a t i o n ,  one d imens iona l  c o n s t a n t  must be con- 
t a i n e d  i n  i t ,  i n  a d d i t i o n  t o  t h e  c o n s t a n t  which it a l r e a d y  c o n t a i n s .  The 
i n t e g r a l  I v  dX dY = N 

t o  a u n i t  of i t s  l e n g t h  a long  i t s  d i r e c t i o n  (z a x i s ) .  N has  t h e  d imens iona l i ty  

i s  t h e  t o t a l  number of p a r t i c l e s  i n  t h e  bundle p e r t a i n i n g  
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-1 cm . The d e n s i t y  v must have t h e  form v = N F  (X,  Y ,  t ) ,  where F i s  t h e  func- 
t i o n  w i t h  t h e  d i m e n s i o n a l i t y  cm-2. / 400  
t h a t  only one d imens iona l  c o n s t a n t  i s  inc luded  i n  t h e  equa t ion  which r e s u l t s :  

S u b s t i t u t i n g  t h i s  i n  (29) , w e  f i n d  

e4 N in (f~tRT)”2cu 0 2  

in3/* m2 ( F  e2 

L e t  u s  examine a bundle  wi th  c y l i n d r i c a l  symmetry, i . e . ,  a bundle i n  which 
v i s  only a f u n c t i o n  of t h e  d i s t a n c e  r up t o  t h e  bundle  axis (and of t i m e ) .  
X and Y must b e  expres sed  i n  equa t ion  (29) by means of p o l a r  c o o r d i n a t e s ,  and 
i n t e g r a t i o n  may b e  performed over t h e  p o l a r  ang le .  However, w e  may compile 
on ly  ,one d imens ion le s s  q u a n t i t y  from t h e  d imens iona l  c o n s t a n t  i n d i c a t e d  above 
and t h e  independent  v a r i a b l e s  r and t 

(rnkn1‘2 o) D2 -. f e4 N 
r4 m1’*o)21/R7 e2 

In - 

Consequently,  v must have t h e  fo l lowing  form 

( t h e  f u n c t i o n  F i n  v = N F  may be w r i t t e n  i n  t h e  form F = f / r 2 ,  where f i s  t h e  
d imens ionless  f u n c t i o n ) .  

Under t h e  i n f l u e n c e  of Coulomb r e p u l s i o n  between p a r t i c l e s ,  t h e  bundle 
expands wi th  t h e  passage  of t ime. L e t  u s  de te rmine  t h e  change i n  t h e  t h i c k n e s s  
D of t h e  bundle  w i t h  t i m e ,  i . e . ,  t h e  wid th  of t h e  r e g i o n  o u t s i d e  of which t h e  
d e n s i t y  i s  very  s m a l l .  It may be seen d i r e c t l y  from (30) t h a t  t h e  dependence 
of D on t i m e  i s  determined by t h e  fo l lowing  formula 

(31) D4-D04 - e2 Nrn’iE c2 ( R  7 y 2  HD? - const - In ______ t HZ { E .  e m l / p  c ’ 
where Do i s  t h e  t h i c k n e s s  i n  t h e  c a s e  of t = 0. 

w i t h  a d e n s i t y  which depends on r and t ,  as w a s  i n d i c a t e d  above, w e  may speak 
of a bundle which is  d i r e c t e d  along t h e  z a x i s .  Then (31) de termines  t h e  
change i n  t h e  bundle  wid th  along i t s  d i r e c t i o n .  I n s t e a d  of t ,  w e  must w r i t e  
t h e  c o o r d i n a t e  z which i s  d iv ided  by t h e  bundle  v e l o c i t y .  

I n s t e a d  of examining a gas  

A somewhat d i f f e r e n t  r e s u l t  i s  ob ta ined  f o r  a p l ane  bundle.  The bundle 
i s  now ve ry  wide ( t h e o r e t i c a l l y  i n f i n i t e )  and uniform along t h e  y a x i s .  I n  
each c r o s s  s e c t i o n ,  t h e  bundle d e n s i t y  depends on ly  on X. The bund& i s  
symmetrical  w i t h  respect t o  a c e r t a i n  p l a n e  ( t h e  yz p l a n e ) .  

a t  

l i n g  t h e  d e r i v a t i v e s  w i t h  r e s p e c t  t o  Y., 
number of p a r t i c l e s  per ta in , ing t o  a u n i t  of l e n g t h  a long  t h e  bundle d i r e c t i o n ,  
and along i t s  wid th  ove r  t h e  y a x i s .  N now has  t h e  d imens iona l i ty  2 . 

The equa t ion  f o r  

i s  now ob ta ined  from ( 2 5 ) ,  assuming t h a t  T = c o n s t . ,  o r  from (29), cancel-  a v  - 

The i n t e g r a l  /vdX = N i s  now t h e  t o t a l  

9 

cmL 
It is now found t h a t  t h e  bundle t h i c k n e s s  (a long t h e  x axis) changes w i t h  t ime 
accord ing  t o  t h e  fo l lowing  equa t ion ,  i n  a manner which is  completely s imil iar  

1 2  



to that of a cylindrical bundle: 

e2Nm'ls ca (kT)'h D W  (32) Ds D30 = const , In ---. t H A  (k T ~ I *  In'Jt ce 

In conclusion, I would like to thank Doctor L. Landau for his advice and 
constant interest in my work. 
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